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ABSTRACT

The temporal resolution and accuracy of FTAN (frequency-time analysis)

as applied to surface wave dispersion analysis are examined for a period

range fromlO0 to 200 seconds. The constant relative bandwidth filter

(Dziewonski et al., 1969), optimum bandwidth filter (Inston et al., 1971) and

display-equalized filter (Nyman and Landisman, 1977) are carefully examined

with respect to their adequacy of application over a broad period range.

Among these Gaussian filters, the optimum bandwidth filter gives a better

performance for relatively short-period (less than 50 seconds) dispersion

measurement. To measure surface-wave dispersion for a broad period range, a

'matched-filter FTAN' technique is introduced by modifying the 'residual

dispersion measurement' technique (Dziewonski et al., 1972). A detailed

numerical analysis is made on this new technique, the result demonstrates a

significant improvement on both the resolution and the accuracy of surface wave

dispersion data extraction over a broad period range up to at least 200 seconds.
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INTRODUCTION

Surface-wave dispersion measurement determines the phase angle, amplitude

and group arrival time of surface waves as a function of period. These data

are important for studies of the crust-upper mantle structure, the source

mechanism of earthquakes and the anelastic properties of the earth.

A peak-and-trough method was employed in most of the early surface-wave

studies (e.g., Ewing and Press, 1952; 1954). From the arrival times of

different phases (peaks, zeros and troughs), the phase angle, amplitude and

group arrival time of a dispersed signal can be determined graphically as a

function of period. Obviously, this technique is only feasible for analyses

of well-dispersed signals.

Sato (1955) suggested calculation of the dispersion data directly from

the Fourier transform of the signal. This method has the advantage of being

applicable to the less dispersed, short wave trains where the peak-and-trough

method is not satisfactory. However, the application of this method is limited

to a frequency range where the signal-noise ratio is high.

In order to extend the resolution of dispersion measurement to a broader

period range, it is natural to consider the use of a filtering technique to

enhance the signal-noise ratio. Landisman et al. (1969) introduced the 'moving

window analysis' which estimates a complex quantity C(w,t) from the convolution

of the signal f(t) with a filter gw(t), giving

C(Wt) f (-)gW(t(1)

where

gW(t) = h,..(t)exp(iwt)

and h is a symmetric window function.wI
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A different method, the 'multiple filter technique', was introduced by

Dziewonski et al. (1969) which determines C by an inverse Fourier transforma-

tion of the band-passed spectrum. In this case we have

C( ft Hw(nw)F(n)exp(i~t)dQ (2)
C(w,t) = ~~ 2

whe re Cwhe reF(W) = f(t)exp(-iwt)dt

is the Fourier transform of the signal f and H is a symmetric band-pass filter.

If h and H are a Fourier transform pair,

H (t) = h (t)ep(-iat)dt,

-h M H,)(Q)exp(iat)dQ

expressions (1) and (2) are equivalent. The equivalence of these two methods

indicates that regardless of our choice of filter in the time or frequency domain,

the actual filtering effect is the same. These two different but equivalent

methods, the 'moving window analysis' and the 'multiple filter technique', are

now generally referred to as frequency-time analysis (FTAN).

FTAN determines the group arrival time t at frequency .as the time when

the absolute value of C(w,t) in (1) or (2) achieves its maximum value. The

inferred phase angle and amplitude at frequency w are then determined as the

phase and amplitude of the complex quantity C(w,tg).

A Gaussian filter is generally used in FTAN. If the Fourier transform

pair h and H in (1) and (2) are Gaussian filters, then they can be written as
W W

H (c) = exp(-yf22 )
i

h (t) = (4Y)" exp(-t 2/4y)

........................................
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where y is a constant which controls the bandwidth of the Gaussian filter.

In frequency and time domains, the bandwidths are, respectively
6H = y-1/2I

6h = 2y1 / 2

Instead of y, however, we shall use the Gaussian parameter a defined by

Dziewonski et al. (1969) for all the following discussions. The parameter a

controls the relative bandwidth of a Gaussian filter, and is related to y by

= ,2.

It is important to understand the filtering effects due to different a

values, because a is the only parameter which is adjustable in the application

of FTAN. We shall use the 'averaging region' (Nyman and Landisman, 1977) of a

filter to demonstrate its filtering effect. The shape of 'averaging region',

which is an ellipse with radii 6H and h in the frequency and time axes, gives

very clear insight into the filtering effect. For a given period, the quotient

h/H is proportional to a. For a constant a, this quotient is proportional to

the square of period. Figure 1 shows the 'averaging region' of several a values

in the velocity-log period plane at an epicentral distance of 9453.61 km. A

seismogram recorded at such a distance will be used for various numerical tests.

Since we are using in Figure I the velocity-log period domain instead of time-

frequency domain, the time is mapped to the velocity axis based on the epicentral

distance. The choice of the above epicentral distance only makes the contents

of Figure 1 consistent with the results in late figures without losing the

generality of the findings.

Based on different considerations, three representative Gaussian filters

have been proposed for FTAN.

A constant a value for all periods was used in the original multiple filter

technique (Dziewonski, et al., 1969), which has become the most commonly used
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filter for FTAN technique. We shall refer to this filter as the 'constant

relative bandwidth filter' (CRBF).

The display-equalized filter (DEF) by Nyman and Landisman (1977) is a

filter which averages the signal in'a more natural way. The 'averaging region'

of DEF is approximately a circle, although varying in size, throughout the

frequency-time domain.

The most complicated filter is the optimum bandwidth filter (OBF) by

Inston et al. (1971) and Cara (1973) which was designed to maximize the temporal

resolution in the application of the FTAN. To construct an OBF'requires the

approximate dispersion properties of the signal that is to be analyzed. They

are obtained either from the literature or determined by any simpler technique

much as FTAN with CRBF.

NUMERICAL EXPERIMENTS

The objective of FTAN is to enhance the resolution of dispersion measurement

by smoothing the dispersion data. However, systematic errors of FTAN are

generated by the filtering at periods where the amplitude spectrum or phase

spectrum change rapidly. Dziewonski et al. (1972) have shown that if the second-

and higher-order terms of Taylor's expansions of the amplitude and phase spectrums

could be neglected, then little systematic errors would be introduced.

The seismograms shown in Figure 2 are used to examine the temporal resolution

and accuracy of FTAN with different Gaussian filters. The top trace of Figure 2

is the vertical seismogram of a Taiwan earthquake of 1978 December 23, recorded

at the SRO (Seismic Research Observatory) station GRFO in Germany. The epi central

distance is g453.61 kilometers. A typical surface-wave train such as this one

propagating across a laterally heterogeneous crust and upper mantle results in a

complex dispersive wave form.
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The bottom two traces of Figure 2 are synthetic surface-wave trains which

will be our calibration standards for various methods discussed later. To

construct seismograms A and B, first, we determine their Fourier spectra based

on the group-velocity dispersion curves and amplitude spectra shown in Figures

3 and 4. Then, after filtering the Fourier spectra by the SRO instrument response

(Peterson et al., 1976; 1980), an inverse Fourier transform is applied to convert

the spectra into wave trains. Finally, a quiescent portion of the SRO record,

which may be considered as the average noise background, is added to both wave

trains. A comparison of the dispersed seismogram with noise is shown in Figure 5.

In the period band of interest, the signal is about two orders of magnitude

larger than the noise in a typically well recorded large event by an SRO station.

Figure 6 shows the a values as a function of period for the cases of CRBF,

DEF and OBF based on the particular observed seismogram shown in Figure 2.

Dziewonski et al. (1972) have pointed out that a<40 is more commonly used in

practice; here we use cL=40 for CRBF, because larger a value leads to smaller

systematic errors.

Equation (2) rather than (1) is used for the filtering computation in these

numerical experiments. There are two reasons to perform the computations in

the frequency domain. First, a more efficient algorithm is available to calculate

Fourier transforms than convolution. Second, it is easier to compensate the

instrument response in the frequency domain.

The wave train to be analyzed is first extended to 8192 points. This

extension in data length is important for frequency analysis; it reduces the

coarseness of the discrete Fourier spectrum at long period. Then, the Fourier

spectrum in (2) is obtained for the extended signal by fast Fourier transform

and an instrument response compensation is made. Finally, at each of the center

frequencies for analysis, the Fourier spectrum is filtered by the Gaussian filter
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H (R-,); then an inverse Fourier transform of the band-passed spectrum is made

to obtain C(w,t).

The most time-consuminq part of FTAN is the inverse Fourier transform,

because it must be performed for all the selected center frequencies. The

method introduced by Seneff (1978), which can greatly reduce the computation

time, is employed in our computational process. The method involves a frequency

shift such that the center frequency of the band-pass filter is moved to the

origin. The effect is to greatly reduce the apparent bandwidth and allow a

reduction of the inverse transform size down to a much smaller number of points.

Figures 7, 8 and 9 give the dispersion results of the top trace in Figure 2

using the CRBF, DEF and OBF. In these figures, the solid dots are the maximumn

amplitudes which correspond to the estimated group velocities. Also shown are

two contours of 1 db and 10 db down from the maximum. These analyses demonstrate

that using FTAN with CRBF or DEF might lead to poor resolution for certain

period ranges.

Then the synthetic seismogram A is analyzed by FTAN to determine the

systematic errors in group velocity and amplitude. Because the a values of DEF

are either close to those of CRBF at relatively short periods (10-35 seconds) or

to OBF at longer periods (35-400 seconds), we only show here the results produced

by CRBF and OBF.

Systematic errors in the determination of group velocity and amplitude for

CRBF and OBF are plotted against the period in Figures 10 and 11. For CRBF, the

maximum error in group velocity determinations reaches about 0.07 km/sec and the

. estimated amplitude could be as low as 40% of the actual value. We suspect that

the significant distortion at relatively short periods is due to poor resolution.

The OBF is good for relatively short periods. For long periods, however, a wider
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bandwidth is usually required to obtain good resolution and this introduces

larger systematic errors. Because the dispersive property of the synthetic

seismogram is smoother than that of actual seismograms, the systematic errors

shown here are, therefore, smaller than those of the actual case.

Thus we conclude that OBF is a better filter for FTAN than CRBF. It

produces reasonably good resolution in group-velocity determinations for a

broad period range and small systematic errors for relatively short periods.

MATCHED-FILTER FTAN

As demonstrated in the previous section, we can find a filter (OBF) to

optimize the temporal resolution of FTAN but no filter can remove the systematic

errors. We must search for other techniques to improve the accuracy of dispersion

measurement.

Systematic errors of FTAN are generated by the filtering prucess at periods

where the second and higher terms of Taylor's expansions of the amplitude or

phase spectra are large. Therefore, a simple way to reduce systematic errors is

to use a larger a value (narrower relative bandwidth). However, a large a may

result in losing the temporal resolution and it is not uncommon to lose resolution

completely using a very large a value. In dealing with this property of FTAN,

Denny and Chin (1976) introduced an extrapolation algorithm to estimate the

group arrival time of a dispersed signal. For a given frequency, they determine

several inferred values of group arrival time from a set of filters whose band-

widths are appropriately distributed about the optimum bandwidths. Then, the

group arrival time is obtained by extrapolation from these data. Not only is

this method complicated in computation, but also it has another intrinsic

difficulty. We have already seen in Figure 1 that the shape of the 'averaging

region' varies from an elongated horizontal to vertical pattern with increasing

a value. Thus the group arrival time obtained by extrapolation may not represent



a better solution if the noise is not very weak or random. This is because

the data used for extrapolation have been distorted by different noise content

in addition to the deviation purely due to the filtering effect.

Another way to reduce systematic errors is to use the technique of match-

filtering. The technique of match-filtering measure the residual signal, which

is the cross-correlation of the observed seismogram with a theoretical signal

whose dispersion approximates the observed dispersion. Because the residual

signal is less dispersive compared to the observed seismogram, the deter,.ination

of dispersion is more precise, with smaller systematic errors. 'This technique

has been applied by Dziewonski et al. (1972) and is known as the 'residual

dispersion measurement' (RDM) technique.

We examine RDM using a synthetic seismogram and found that some improvements

are required to make it more suitable for surface-wave dispersion measurement.

The shortfalls of RDM include: (1) CRBF is used in RDM, and we have seen

previously that this filter produces results with poor temporal resolution except

for a certain period range where the a value of CRBF is close to that of OBF,

and (2) The amplitude spectrum of the theoretical signals used by RDM is a

constant, thus the systematic errors due to the rapid changing nature of amplitude

with frequency (which usually exists in observed signal at short periods, i.e.

10-50 seconds) cannot be reduced.

To correct these shortfalls we have made progress building on Dziewonski's

work, a new technique of dispersion measurement is designed and introduced here.

Figure 12 illustrates our measurement procedure which is identified as the

'matched-filter FTAN' technique (MF-FTAN). We use the spectrum A2 (,)exp [i€ 2(,)]

measured by FTAN with OBF as the first iteration spectrum because usually it has

been smoothed and does not have large discontinuities. Then the residual spectrum

is constructed by taking the ratio of the observed spectrum Al (w)exp (io1(w)]

to the first iteration spectrum. On top of the phase spectram that Dziewonski has
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treated. it is important here to include the amplitude spectrum in the formation

of the residual spectrum, because the variation of amplitude with frequency is

usually rapid at short periods and thus introduces errors to the FTAN process.

The residual spectrum is then analyzed by FTAN with DEF to determine the correction

terms for the dispersion data. Because the residual spectrum is nearly white,

good resolution can be obtained by using DEF. Finally, the dispersion data are

obtained by adding the correction terms to first iterations dispersion data. This

measurement procedure can be used iteratively to further improve the analysis.

However, experience shows that one iteration usually gives sufficiently good

results.

This new measurement procedure has been tested using synthetic seismograms

A and B. The systematic errors in group velocity have been reduced substantially

to less than 0.02 km/sec (Figure 13). The accuracy of amplitude estimation is

also greatly improved (Figure 14). The relative errors in amplitude are less

than 10% for periods longer than 20 seconds. The largest error occurs at the

15 second period, where the estimated amplitude is about 70% of the actual

amplitude. The accuracy of amplitude determination can be further improved by

additional iterations. Figure 15 shows the amplitude ratio of the second

iteration result. The largest relative error is reduced to less than 20'. These

test results suggest that for group-velocity determination, accurate results can

be obtained in the first iteration; for amplitude estimation, a second iteration

may be required.

CONCLUSION

Based on the results of a numerical experiment, the optimum bandwidth filter

is found most suitable for surface-wave dispersion measurement of periods less

than 50 seconds. To improve the resolution of dispersion measurement over a

broader period range with reduced systematic errors, a 'matched-filter FTAN'
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technique is introduced by modifying the 'residual dispersion measurement'

technique. For a period range from 10 to 200 seconds, the maximum error in

group velocity is less than 0.02 km/sec and the maximum relative error in

amplitude is less than 20 percent. For most periods, however, the errors in

group velocity and relative errors in amplitude are about 0.01 km/sec and 5

percent, respectively. The 'matched-filter FTAN' has been applied to a study

on the crust-upper mantle structures of Eurasia (Feng, 1982). The improved

amplitude estimate would certainly be useful in studies on attentuation using

surface waves.
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FIGURE CAPTIONS

Figure 1. The 'averaging regions' of several a values in the velocity-log
period plane at an epicentral distance of 9453.61 km.

Figure 2. Seismograms used for various numerical tests. The top trace
is an observed long-period SRO seismogram. The bottom two traces
are synthetic seismograms.

Figure 3. The group velocity dispersion curvEs of synthetic seismograms A
and B.

Figure 4. The amplitude spectra of synthetic seismograms A and B.

Figure 5. Comparison of amplitude spectra of observed seismogram with noise.
The smooth curve is the amplitude spectrum of synthetic seismogram B.

Figure 6. The Gaussian parameter a of CRBF, DEF and OBF used to analyze the
seismograms shown in Figure 2.

Figure 7. The results of FTAN with CRBF using the observed seismogram in
Figure 2.

Figure 8. The results of FTAN with DEF using the observed seismogram in
Figure 2.

Figure 9. The results of FTAN with OBF using the observed seismogram in
Figure 2.

Figure 10. Systematic errors in group velocity determination using FTAN with
CRBF and OBF to analyze synthetic seismogram A.

Figure 11. Systematic errors in amplitude estimate using FTAN with CRBF and
OBF to analyze synthetic seismogram A.

Figure 12. The measurement procedure of the 'matched-filter FTAN' technique.

Figure 13. Systematic errors in group velocity using MF-FTAN (first iteration)

to analyze synthetic seismograms A and B.

Figure 14. Systematic errors in amplitude using MF-FTAN (first iteration) to
analyze synthetic seismograms A and B.

Figure 15. Systematic errors in amplitude using MF-FTAN (second iteration)
to analyze synthetic seismogram A.
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